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Time-resolved and time-averaged determination of the electron-ion collision frequency
and electron stopping force in an intense laser field at critical plasma density

Ahmed M. Al-khateeb*
Department of Physics, Faculty of Science, Yarmouk University, Irbid, Jordan

~Received 15 November 1999!

Using a ballistic dynamic equation~oscillator model! in the presence of an intense laser field (yosc@y th) the
time-resolved and time-averaged electron stopping force and electron-ion collision frequency are determined at
the critical density (v05vp) in the presence of laser field harmonics. An expression for the time-averaged
energy absorption rate is given. Results show the contributions of single-particle effects and the generated laser
harmonics to the electron-ion collision frequency and energy absorption rate. This work also discusses the
time-resolved electron-ion collision frequency.

PACS number~s!: 45.50.Tn, 52.50.Jm, 42.65.Ky
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I. INTRODUCTION

The interaction of intense laser fields with matter has
come a topic of great interest in theoretical and experime
research due to the formation of high-density nonideal p
mas. The understanding of such interaction mechanisms
related phenomena as well as their mathematical mode
are of importance for energy transport from the outer coro
plasma region into deeper plasma layers@1–5#. Transport
processes of laser field deposited energy and correspon
transport coefficients are strongly dependent on the en
absorption rate taking place in the plasma corona.

Electrical conductivity is one of the important quantiti
for the understanding of interaction and coupling mec
nisms between laser radiations and matter. It represen
measure for interaction and coupling strengths. Electron
collisions are in turn of importance for calculating the ele
tric conductivity in fully and partially ionized gases, as we
as for plasma heating and damping of waves that migh
excited or generated in plasmas by the coupling betw
natural plasma modes and the incident laser field@6–9#.

Wave damping is important for plasma heating and can
treated as a combination of collisional and collisionle
mechanisms. Epperleinet al. showed that weak electron-io
collisions increase the damping rate above the collision
electron Landau damping@7#. In addition, taking into ac-
count particle trapping in the wave potential well and ele
tron collisions with neutrals, Kaganovich showed that t
difference between the results obtained within the lin
theory on collisionless power dissipation can be as large
three orders of magnitude@8#. Procassini and Birdsall inves
tigated particles and energy transport processes in fully
ized collisional plasma using a kinetic transport model@9#.
They presented the variation of several transport quant
with plasma collisionality and found a reduction in the he
conduction flux compared with the values predicted by
classical hydrodynamic transport theory@10#.

Many works have considered collisions of charged p
ticles in the presence of a magnetic field@11–13#. Imazu
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investigated the collision frequency of charged particles i
weakly ionized gas in a strong magnetic field. He found t
the collision frequency of electrons or ions in the presence
the magnetic field is smaller than that when the magn
field is absent@11#. Panov investigated the effect of dynam
cal screening on photon absorption in screened Coulomb
teractions of electrons with ions in degenerate plasmas in
presence of a quantized magnetic field@12#. He investigated
the dependence of the effective collision frequencies in
directions along (n i) and perpendicular (n') to the external
magnetic field on photon frequenciesv0 less than the cyclo-
tron frequencyvc . Panov’s results show that a peak value
the collision frequency occurs atv050.5vc .

Absorption of rf power by a plasma in the presence o
perpendicular alternating electric field and a constant m
netic field has been investigated experimentally by N
movetset al. @13#. An effective collision frequency was cal
culated from the experimental data and was found to be
order of magnitude larger than the kinetic collision fr
quency. In crossed dc electric and magnetic fields, Nakam
et al. studied the scaling of electron swarm parameters
argon and methane using Monte Carlo computational exp
ment @14#. For very high magnetic field, they found that th
electron mean energy and collision frequency become ins
sitive to magnetic field variations.

Bohm and Pines have classified Coulomb collisions i
two component. One component represents collective os
lations and is due to long-range interactions at distan
greater than the Debye lengthlD , and the other componen
is due to individual particle interactions within a Deby
sphere of the radiuslD . For plasma particles possessin
only random thermal motions or moving in low-intensi
~weak! fields, the maximum extent of long-range interactio
can be approximated by the Debye lengthlD . This is due to
the plasma tendency toward shielding electric fields on
scale length greater thanlD , and therefore long-range inter
actions will be screened out by a shielding cloud near
scattering center.

Coulomb forces between charged particles have a m
longer range than the forces between charged and ne
particles. As a result, collisions of charged particles can
be considered as events occurring when the particles
2684 ©2000 The American Physical Society
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close to each other. Because of the long-range (1/r ) Cou-
lomb potential, a charged particle is nearly always intera
ing with many particles simultaneously. In plasmas, for e
ample, electrons collide with each other, with ions, and w
neutral particles. The collision process consists of two po
charges moving on hyperbolic paths in each other’s elec
field.

Rutherford’s theory of binary charged-particle collisio
ignores polarization effects of the medium. As a result, p
ticles interact through an unscreened Coulomb field. At la
distances or small angle deflections~forward scattering! cor-
responding to soft interactions, a divergence will appear.
ergy and momentum exchanges for Coulomb deflecti
from 0 to some distanceb vary as ln(b/b'), whereb' is the
p/2 impact parameter. Due to the use of the exact collid
particle trajectory, large-angle deflections or backward s
tering corresponding to near collisions lead to a converge
behavior for small distances. Removal of the divergence
large distances is achieved usually by introducing a cu
parameterbmax.

Another way to overcome singularities at large distan
is to use a screened Coulomb potential or the Debye Hu¨ckel
potential @f5(q/4pe0r )e2r /lD# @15#. This leads tobmax
5lD and is valid for plasmas in which thermal motion
dominant or for low-intensity fields. For plasmas in hig
frequency fields, the corresponding electrical conductiv
and collision frequency were investigated classically a
quantum mechanically in many works. Most of the resu
are in a good agreement with each other@16–19#.

Cornolti et al. investigated the absorption of ultrashort l
ser pulses in solid targets using a ballistic model@20#. It has
been found that electron-ion collision frequency at high la
intensities (;1017W/cm2) is determined by the oscillation
energy of the electrons rather than by their thermal moti
For high-intensity irradiation corresponding to electr
quiver velocityyosc much greater than the random therm
speedy th , this behavior of the electron-ion collision fre
quency was predicted by many previous works, but th
were no quantitative unified results@19–24#.

In this work we use a ballistic model, known in the liter
ture as the oscillator model@20,25#, to investigate electron
stopping force and electron-ion collision frequency in stro
laser fields. In Sec. II we present the oscillator model a
solve the corresponding dynamical equation. In Secs. III
IV we determine the time-resolved and time-averaged s
ping force and collision frequency. In Sec. V we present
results and conclusions.

II. OSCILLATOR MODEL

Linearizing the following equations of the electron fluid

]ne

]t
1¹W •~neuW e!50, ~1!

]uW e

]t
1~uW e•¹W !uW e52
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Mulseret al. @25# derived the following equation for the ca
culation of collisional absorption in cold plasmas:

]2dW

]t2
1vpe

2 dW 52
Ze2

4pe0me

rWe~ t !

urWe~ t !u3
, ~4!

wheredW is the electron displacement or deviation from t
equilibrium position,vpe is the electron plasma frequenc
and urWe(t)u is the relative separation between the singled
electron-ion pair. Positive ions were considered as an imm
bile neutralizing background with uniform densityZn0i
5n0e, wheren0e is the equilibrium density of electrons.

Ashleyet al.used a classical equation similar to Eq.~4! to
investigate theZ3 effect in the stopping power of matter fo
heavy charged particles of chargeZe @26#. Single electrons
were considered to be bound isotropically and harmonic
with frequencyv to the nucleus of the atom. Contrary to th
Ashley et al. approach, the right-hand side of Eq.~4! repre-
sents, in the ion frame, the force set up by an oscillating
on a stationary electron bound harmonically to the plas
with a frequencyvp . Relative electron-ion separation can b
approximated as follows:

yWe~ t !5yWosc1VW 05~V0x1yoscsinv0t ! î 1V0y ĵ ,
~5!

rWe~ t !5~V0xt6yosccosv0t ! î 1~V0yt1b! ĵ ,

whereVW 0 ,b,v0 ,yosc, andyosc are the average drift velocity
of the electron fluid, the collision parameter, the laser f
quency, the electron quiver velocity, and the electron os
lation amplitude in the laser field, respectively. In Eq.~5! the
incident laser field is taken along thex axis. Upon substitut-
ing rWe(t) from Eq. ~5! and assuming that the electron dr
(V0t) is small compared withyosc, Eq. ~4! can be written to
a first approximation as follows:

]2dW

]t2
1vpe

2 dW '
arWe~ t !

@V0
2t21b21yosc

2 cos2v0t#3/2
, ~6!

where

a52
Ze2

4pe0me
. ~7!

Equation~6! describes in fact the interaction of three bodie
electrons, ions, and photons of the incident laser radiat
The right-hand side of Eq.~6! shows through the dependenc
on the instantaneous laser field strength that ions are use
an intermediary for energy transfer between electrons and
laser field. The electron deflectiondW has therefore a nonlin
ear dependence on the electric field of the laser, and this
lead to the possibility of the occurrence of radiation harmo
ics.

The general solution for Eq.~6! is

dx~ t !5Ax cosvpt1Bx sinvpt2a
cosvpt

vp
I 1~ t !

1a
sinvpt

vp
I 2~ t !, ~8!
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dy~ t !5Ay cosvpt1By sinvpt2a
cosvpt

vp
I 3~ t !

1a
sinvpt

vp
I 4~ t !, ~9!

where

I 1~ t !5E t

dt
yoscsinvpt cosv0t

~b21yosc
2 !3/2@A12K2~ t ! sin2v0t#3

, ~10!

I 2~ t !5E t

dt
yosccosvpt cosv0t

~b21yosc
2 !3/2@A12K2~ t ! sin2v0t#3

, ~11!

I 3~ t !5E t

dt
b sinvpt

~b21yosc
2 !3/2@A12K2~ t ! sin2v0t#3

, ~12!

I 4~ t !5E t

dt
b cosvpt

~b21yosc
2 !3/2@A12K2~ t ! sin2v0t#3

, ~13!

K2~ t !5
yosc

2

V0
2t21b21yosc

2
, ~14!

vpe
2 5

nee
2

e0me
, yosc5

eE0

mev0
2

. ~15!

The assumptionyosc@V0t is valid for small electron drift
motion. Upon evaluation of the undetermined integr
I 1(t),I 2(t),I 3(t), and I 4(t) in this limit, the solution of Eq.

~8! which satisfies the initial conditionsdW (0)50W and dẆ (0)
50W is

dx~ t !5a
cosv0t

v0

yoscA
23/2

v0K2

D21

D

1a
sinv0t

v0

yoscA
23/2

v0
F sinv0t cosv0t

D
1

F2E

K2 G ,

~16!
s

dy~ t !5a
cosv0t

v0

bA23/2

v0K82

cosv0t2D

D

1a
sinv0t

v0

bA23/2sinv0t

v0D
, ~17!

where we usevp5v0 and introduce the following variable
in Eq. ~16! and ~17!:

A5~b21yosc
2 !, D5A12K2 sin2v0t,

F5E
0

v0t d~v0t !

A12K2 sin2v0t
,

~18!

E5E
0

v0t

d~v0t !A12K2 sin2v0t,

K82512K2.

In addition to the oscillatory electron motion in the las
field, electrons are assumed to have an average nonos
tory drift velocity V0. Once this velocity is obtained, elec
trons move away from their scattering centers in the ti
between two successive collisions. As a result, electron
flections do not average to zero and a net energy gain ta
place. Corrections to the energy absorption that depend
the drift velocityV0 will not be considered in this work and
can be safely left out of consideration as long as many c
lisions occur within a laser period (yosc@V0t). As a result of
the random-walk character of the electronic motion under
influence of the net long-range polarization electric fie
within a laser period, the quasineutrality (Zn0i'n0e) of the
plasma will still be maintained.

III. STOPPING POWER OF ELECTRONS

The total energy of the oscillator corresponding to t
deviationdW 5dxî 1dy ĵ is as follows:

e total~b,t !5
1

2
medẆ

21
1

2
mevp

2dW 2. ~19!

Substitution ofdx and dx from Eqs.~16! and ~17! into Eq.
~19! results in the following expression for the total energ
e total~b,t !5
1

2
mea

2
yosc

2

v0
2

A23

K4D2
1

1

2
mea

2
b2

v0
2

A23

K84D2
cos4v0t1

1

2
mea

2
yosc

2

v0
2

A23

D2 Fsinv0t cosv0t1
D~F2E!

K2 G 2

1
1

2
mea

2
b2

v0
2

A23

D2
sin4v0t1mea

2
b2

v0
2

A23

K82D2
sin2v0t cos2v0t1

1

2
mea

2
yosc

2

v0
2

A23

D2
sin2v0t cos4v0t

1
1

2
mea

2
yosc

2

v0
2

A23

D6
sin2v0t cos4v0t@122K2 sin2v0t1K4 sin4v0t#2mea

2
yosc

2

v0
2

A23

D4
sin2v0t

3 cos4v0t@12K2 sin2v0t#1mea
2

yosc
2

v0
2

A23

K2D2
sin2v0t cos2v0t2mea

2
yosc

2

v0
2

A23

K2D4
sin2v0t cos2v0t
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3@12K2 sin2v0t#1mea
2

yosc
2

v0
2

A23

D2
sin2v0t cos4 v0t2mea

2
yosc

2

v0
2

A23

D4
sin2v0t cos4v0t@12K2 sin2v0t#

1mea
2

yosc
2

v0
2

A23

K2D
sinv0t cos3v0t~F2E!1mea

2
yosc

2

v0
2

A23

K2D3
sinv0t cos3v0t~F2E!

12mea
2

b2

v0
2

A23

K84D2
sin2v0t cos2v0t@122K821K84#1

1

2
mea

2
b2

v0
2

K4A23

K84D6
sin2v0t cos2v0t@cos4v0t

12K82 sin2v0t cos2v0t1K84 sin4v0t#12mea
2

b2

v0
2

K2A23

K84D4
sin2v0t cos2v0t

3@K82sin2v0t1K82cos2v0t2cos4v0t#, ~20!
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whereK8 for yosc@V0t can be written as

K82512K2512
yosc

2

b21yosc
2

5
b2

b21yosc
2

.

Energy loss due to all possible collisions of an electron w
ions that are uniformly distributed with densityn0i between
the collision parametersb and db1b can be evaluated a
follows:

de total~b,t !5n0ie total~b,t !s~V!dVdx

5n0ie total~b,t !bdbdfdx.

It is assumed that an electron passes through a distance
smaller than its mean free path during a period of laser
cillation, and that within one cycle, many collisions occ
giving eachb equal probability.

The energy loss per unit length~stopping force! is

de total~b,t !

dx
5n0ie total~b,t !bdbdf. ~21!

The average energy loss per unit length is obtained by i
grating Eq.~21! over all directionsfP@0,2p# and collision
parametersb as well as over one laser oscillation,

K de total~b,t !

dx L
b,cycle

5
1

2pE0

2p

d~v0t !

3F2pn0iE
0

`

e total~b,t !bdbG ,
where^&b,cycle means averaging over all collision paramete
b and one laser oscillation. We introduce now two cut
parametersbmin andbmax to avoid divergences for small an
large b values. The divergence for smallb values results
from the use of an approximate relative separation accord
to Eq. ~7!. Using a self-consistent kinetic description of th
electron-ion interactions in plasmas with finite temperatu
will lead to a convergent behavior at large distances, si
plasma polarization effects are correctly included in the f
h

uch
s-

e-

s
f

g

s
e
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mulation of the kinetic theory~plasma dielectric theory!. bmin
is usually determined as follows@22,27,28#:

bmin5max~b' ,lB!, lB5
\

my rel
, b'5

q1q2

4pe0mry rel
2

,

~22!

where lB is the de Broglie wavelength andy rel is the
electron-ion relative speed. In a strong laser field, the os
lation amplitude of an electronyosc5yosc/v0 can be larger
than the Debye length and therefore we cannot usebmax
5lD as a measure of the extent of the Coulomb interacti
Taking into account the presence of the laser field, a cu
parameterb5bmax can be introduced as follows:

bmax5minS ^y total&
vp

,
^y total&

v0
D5

^y total&
vp

5
^y total&

v0
, ~23!

wherey total means the total time-averaged velocity given

1

2
my total

2 5
1

2
m~y th

2 1yosc
2 sin2v0t !, ~24!

^y total&cycle5Ay th
2 1

yosc
2

2
⇔bmax5AlD

2 1
yosc

2

2
. ~25!

Integratinge total(b,t) in Eq. ~20! over b and upon substitu-
tion for bmax from Eq.~25!, we get after a lengthy calculatio
the following:

K de total~b,t !

dx L
b

'
p

2

n0imea
2

yosc
2

F 4.512 ln

AlD
2 1

1

2
yosc

2

bmin

14 cos 2v0t2
2

3
cos 4v0t1

3

2
sin 2v0t

1
1

2
sin 4v0t1

1

4
sin32v0tG . ~26!
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Equation~26! gives the instantaneous drag forceFr resulting
from the interaction of the ions with a single electron, whi
is equal to the net force that it will suffer.

IV. COLLISION FREQUENCY

The electron-ion collision frequencynei for yosc@y th , can
be defined as follows:

Fr5nei~ t !mey tot~ t !. ~27!

SubstitutingFr from Eq. ~26! into Eq. ~27! gives

nei~ t !5
p

2

n0ia
2

yosc
2 Ay th

2 1yosc
2 sin2v0t

F 4.512 ln

AlD
2 1

1

2
yosc

2

bmin

14 cos 2v0t2
2

3
cos 4v0t1

3

2
sin 2v0t1

1

2
sin 4v0t

1
1

4
sin32v0tG . ~28!

To average the collision frequency in Eq.~28! over a laser
oscillation in the limityosc@y th'0, we introduce the follow-
ing expansion:

1

Ay th
2 1yosc

2 sin2v0t

55
1

y th
, 0<v0t<v0t0

1

yoscsinv0t
, v0t0<v0t<p2v0t0

1

y th
, p2v0t0<v0t<p.

~29!

According to Eq.~29!, yoscsinv0t is smaller thany th in the
two ranges v0tP@0,v0t0# and v0tP@p2v0t0 ,p#. The
value ofv0t0 that makes the conditionyosc@y th valid is ob-
tained as follows:

lim
t→t0

1

y th
5 lim

t→t0

1

yoscsinv0t
⇔v0t05sin21

y th

yosc
'

y th

yosc
.

~30!

The time average of each termg(v0t) in Eq. ~28! can be
evaluated using the following procedure:

^g~v0t !&cycle5
1

2pE0

2p

g~v0t !dv0t

5 lim
t0→0

1

pE0

v0t0
g~v0t !dv0t

1 lim
t0→0

1

p F E
v0t0

p2v0t0
g~v0t !dv0t
1E
p2v0t0

p

g~v0t !dv0tG . ~31!

The time-averaged collision frequency foryosc@y th becomes

^nei&cycle5
2n0i

yosc
3 S Ze2

4pe0me
D 2F11 ln

2yosc

y th
G lnAlD

2 1
1

2
yosc

2

bmin

1
2n0i

yosc
3 S Ze2

4pe0
D 2F2114ln

2yosc

y th
G , ~32!

where we substitute fora from Eq. ~7!. The time-averaged
energy absorption rate can be calculated as follows:

^ė&cycle5
1

2
men0e^nei&cycleS 1

2
yosc

2 1y th
2 D

5
n0in0e

2meyosc
S 112

y th
2

yosc
2 D S Ze2

4pe0
D 2F11 ln

2yosc

y th
G

3 ln

AlD
2 1

1

2
yosc

2

bmin
1

n0in0e

2meyosc
S 112

y th
2

yosc
2 D

3S Ze2

4pe0
D 2F2114 ln

2yosc

y th
G . ~33!

V. RESULTS AND DISCUSSION

The basic equation of the oscillator model@Eq. ~4!# de-
scribes the dynamic of free electrons that are harmonic
bound to the ion scattering centers. Accounting for spa
variation and temperature dependence of the electron de
tion, the model equation takes the following general form

]2dW

]t2
2y th

2 ¹W 2dW 1vpe
2 dW 52

Ze2

4pe0me

rWe~ t !

urWe~ t !u3
. ~34!

We notice that Eq.~4! does not include the spatial variation
of the electron deflection and therefore does not account
excitation of waves in plasma or for mechanisms that
responsible for transferring energy from waves to particl
This assumption is valid for the initial stage of laser-mat
interaction. In the initial stage of plasma formation and he
ing, electron-ion collision frequency can be as large
1016 s21 and therefore collisional absorption is appreciab
@20#.

Ionic motion can be ignored in the short time scale
laser-matter interaction. In this case, collective absorpt
mechanisms involving ion sound waves and the two-plasm
decay do not take place. At oblique incidence, resona
absorption may take place. For a nearly normal incid
light, absorption due to the electron-ion collisions may pla
principal role@29,30#.

Starting from the ballistic dynamical equation@Eq. ~4!#,
known as the oscillator model, we solve the model equat
in the presence of an intense laser field (yosc@y th) at the
plasma critical density (v05vp). Time-resolved and time-
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averaged electron stopping force and electron-ion collis
frequency are determined@Eq. ~26!, ~28!, and~32!#. An ex-
pression for the time-averaged energy absorption rate
given @Eq. ~33!#.

Following the literature on the interaction of an inten
laser field with matter, we find only asymptotic expressio
for the electron-ion collision frequency and the energy
sorption rate which are valid for a combination of th
asymptotic limitsv0@vp , v0!vp , (yosc@y th), and (yosc
!y th). No attention has been paid to the transition regio
(v0'vp) and (yosc'y th). Inclusion of transition points
through extrapolation of the asymptotic results from the
and right sides can be right or wrong, and needs a phys
justification @22#.

To our knowledge, there are no previous works conce
ing the time-resolved electron stopping force and electr
ion collision frequency and the time-averaged electron st
ping force and electron-ion collision frequency atv0'vp .
et
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Comparison of our results with previous works is not po
sible and is restricted to the structure of the derived exp
sions. Similarities are found in the dependence of the co
sion frequency onyosc

23 and of the energy absorption rate o
yosc

21 for intense laser fields . Characteristic to all linear c
culations~no electron capture! is theZ2 dependence.

It is important to note that the second term on the rig
hand side of Eq.~33! is independent of the cutoff paramete
bmin and bmax, which are characteristics of single-partic
interactions. This term accounts for energy absorption du
pure collective effects that are responsible for the genera
of the laser harmonics. The first term on the right-hand s
of Eq. ~33! consists of two parts that are dependent
ln(bmax/bmin) and ln(bmax/bmin)ln(2yosc/y th). The part propor-
tional to ln(bmax/bmin) only accounts for pure single-particl
interactions, and the other is due to the interaction betw
electrons and the generated laser harmonics.
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